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Abstract: Due to the growing interest in robotic and haptic applications, voltage-induced friction has
rapidly gained in importance in recent years. However, despite extensive experimental investigations,
the underlying principles are still not sufficiently understood, which complicates reliable modeling.
We present a macroscopic model for solving electroadhesive frictional contacts which exploits the
close analogy to classical adhesion theories, like Johnson-Kendall-Roberts (JKR) and Maugis, valid for
electrically neutral bodies. For this purpose, we recalculate the adhesion force per unit area and the
relative surface energy from electrostatics. Under the assumption of Coulomb friction in the contact
interface, a closed form equation for the friction force is derived. As an application, we consider
the frictional contact between the fingertip and touchscreen under electrovibration in more detail.
The results obtained with the new model agree well with available experimental data of the recent
literature. The strengths and limitations of the model are clearly discussed.
Keywords: friction; adhesion; contact mechanics; Maugis theory; electrovibration
1. Introduction
Human skin is very sensitive to mechanical stimulation; friction is an especially important quantity
to influence tactile perception. When we move a finger on a substrate, its surface causes a characteristic
feeling which can be amplified and even controlled by applying an AC voltage between the finger
and the substrate. Although this effect, called electrovibration, has long been known [1], it recently
again became a topic of high interest, due to applications in robotics and touchscreen-based devices
like smartphones and tablets, as well as systems for shape recognition for blind people [2,3].
Figure 1 shows the electroadhesive frictional contact between a fingertip and capacitive touchscreen.
The tactile perception is influenced by controlling the shape, amplitude and frequency of the applied
AC voltage between the conductive tissue of the finger and the conductive layer of the screen.
In this way, the user can get effective tactile feedback and, thus, information can be transferred.
Despite extensive experimental investigations in recent years, the underlying principles are not
sufficiently understood and only little progress has been made in modeling electroadhesive frictional
contacts [4–7]. From an electrostatic point of view, various models have been proposed based
on the parallel-plate capacitor [8–10]. However, almost all of them lack a suitable coupling to
contact mechanics.
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We present an approach, which is based on the close analogy between electroadhesive frictional
contacts and tangential contacts between electrically neutral bodies, with adhesion caused by van der
Waals forces. Although the interaction between adhesion and friction does not yet seem to be fully
understood, promising models for adhesive tangential contact problems have recently emerged [11,12].
We will refer to the model of Popov and Dimaki [12], which makes use of the Maugis–Dugdale
approximation to consider adhesion and determines the frictional force via Coulombs friction law.
The basics of designing such a model for mapping the frictional contact with electroadhesion has
been introduced in [13]. Here, we present results of an improved model in comparison with available
experimental data of the current literature [4,10]. These include the dependence of the frictional force
on the applied voltage, as well as on the externally applied force. Further discussions concern the
(apparent) contact area and the influence of the frequency of the AC voltage.
2. Theory
2.1. Contact Mechanics Approach
In 1992, Maugis developed an adhesion theory for the normal contact of elastic spheres based on
a simple Dugdale approximation for the adhesive potential [14]. According to his theory, intimate
contact is maintained over a central region of radius a and constant adhesive forces per unit area σ0 are
assumed to act in an annular region outside of the contact area whenever the gap between the two
surfaces is less than a limiting value (see Figure 2).
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Maugis’ theory became famous due to its ability to map the transition from
Johnson-Kendall-Roberts (JKR) to Derjaguin-Muller-Toporov (DMT) and is probably one of the
most widely used theory of adhesion. However, its applicability is restricted to adhesive normal
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contacts. A general theory of adhesion for tangential contacts does not exist, hence, it is still a subject of
current research. In the present work, we take the results of a model proposed by Popov and Dimaki,
which is based on a Coulomb–Dugdale approximation [12]. By using the method of dimensionality
reduction [15], they studied the adhesive tangential contact, considering the general case of a contact
with a stick and slip area. Here, we focus only on the limiting case of full slip, where the tangential
force is simply defined by Coulombs law, which results in:
FR = µFK = µ
(
Fext + σ0pib2
)
(1)
where FK denotes the normal contact force, Fext the externally applied force and b the radius to which
the adhesive forces extend (see Figure 2). Although Popov and Dimaki did not explicitly report
Equation (1), it follows directly from Equation (25) and (38) of their work [12]. Note, that the two-term
form of Coulomb’s law given on the right side was already proposed by Derjaguin in 1934 [16].
Equation (1) states, that the normal contact force is composed of the externally applied force and an
adhesive portion, which is simply given by the adhesive force per unit area times the area of the
adhesive zone. By an asymptotic analysis, assuming that the adhesive process zone b-a becomes
small in comparison to the contact radius, the results of the JKR theory were exactly reproduced and
Equation (1) simplified to (see [17]).
FR = µ
(
Fext + σ0pia2
)
(2)
For further investigations, we will rely on this asymptotic approximation because it is sufficient
to explain the qualitative approach for solving electroadhesive frictional contacts. The adhesive
contribution in Equation (2) depends on the adhesive force per unit area as well as the contact area,
which is given by:
A
piR2
=

√
9pi
8
∆γ
E∗R +
√
9pi
8
∆γ
E∗R +
3
4
Fext
E∗R2
4/3 (3)
where R is the radius of the assumed parabolic profile and E∗ the effective elastic modulus, defined by:
1
E∗ =
1− ν21
E1
+
1− ν22
E2
(4)
Herein, E1 and E2 denote the Young’s moduli of the contacting bodies, ν1 and ν2 are their Poisson’s
ratios. According to Equation (3), the contact area itself is strongly influenced by the relative surface
energy ∆γ and the externally applied force. The enlargement of the contact area due to the adhesive
interactions is illustrated in Figure 3, which compares (a) the Hertzian normal contact and (b) the
adhesive contact under the same applied external force, according to the JKR theory. Note, that in both
figures the elastic normal stresses as well as the normal surface displacements are plotted qualitatively
and quantitatively correct. Quantities are normalized to the indentation depth dH, contact radius
aH and pressure maximum of the Hertzian contact. We have chosen an externally applied force of
Fext = 3piR∆γ, as an example, which results in an increase in the contact radius of about 50%.
At this point, we emphasize that the present model does not take into account a reduction in
the contact area caused by the applied tangential force, as observed in experiments [18]. We assume
that normal and tangential contact are uncoupled, which means that the normal force has no effect on
the tangential stress distribution and the tangential force does not influence the pressure distribution.
Strictly speaking, this is only valid for elastically similar contacting materials; for example, if one
body is rigid and the other is incompressible. This is approximately fulfilled in the later-discussed
application example of electrovibration. Of course, no real material is rigid, however, the elastic
modulus of the touchscreen is much higher than that of the human skin. In addition, the human skin
material has a Poisson ratio that differs only slightly from 0.5. Thus, we expect that coupling effects
can be neglected. As one consequence, the contact area in the state of full slip is the same as in the
Lubricants 2019, 7, 102 4 of 11
normal contact with adhesion. However, extensions of the model reflecting a reduction of the contact
area are conceivable.
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By substituting Equation (3) in Equation (2), we obtain the friction force as a function of the
external applied force as well, as the adhesion force per unit area and the relative surface energy.
FR(Fext,∆γ, σ0) = µ
Fext + σ0piR2

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The coupling of the contact mechanical model to electrostatics is achieved by recalculating the
adhesion force per unit area and the relative surface energy, which forms the focus of the next section.
2.2. Electrostatic Approach and Coupling to Contact Mechanics
From an electrostatic point of view, the simple parallel-plate capacitor model is most commonly
used to map the contact between the fingertip and touchscreen. Even Strong and Troxel, in their
pioneering work in 1970, drew on this model [19]; we want to use it too. However, unlike the majority of
models found in the literature, our model has a reliable connection to contact mechanics. We recalculate
the adhesion force per unit area, as well as the relative surface energy from the parallel-plate capacitor
model, which are then substituted in the friction force given by Equation (5). The model consists
of two parallel plates coated with dielectric materials and separated from each other by an air gap
(see Figure 4).
The total capacitance can be calculated by a simple series connection which leads to:
C = ε0A
(
hsc
εr,sc
+
hL
εr,L
+
hi
εr,i
)−1
(6)
where ε0 is th permittivity f free space, hsc, hL and hi the thickn sses of the stratum corneum, air gap
and insulating layer of the screen, and εr,sc, εr,L and εr,i are the corresponding relative permittivities.
N te that the stratum corneum is assu e to be a p rfect non-conducting layer. By application of the
principle of virtual work, the attraction force F between the plates can be easily deter ined:
F = −1
2
U2
dC
dh
=
ε0AU2
2εr,L
(
hsc
εr,sc
+
hL
εr,L
+
hi
εr,i
)−2
(7)
and after division by the contact area the adhesion force per unit area is obtained:
σ(hL,U) =
F
A
=
ε0U2
2εr,L
(
hsc
εr,sc
+
hL
εr,L
+
hi
εr,i
)−2
(8)
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Figure 4. Parallel-plate capacitor for modeling the contact between the fingertip and touchscreen from
an electrostatic point of view.
The relative surface energy can be calculated according to its definition, as the required work per
unit area for separating the plates:
∆γ(U, hL) :=
∞∫
hL
σ
(˜
hL,U
)
d˜hL =
ε0U2
2
(
hsc
εr,sc
+
hL
εr,L
+
hi
εr,i
)−1
(9)
Both quantities, the adhesion force per unit area as well as the relative surface energy are
proportional to the amplitude of the applied AC voltage. A macroscopic approach is not able to take
into account the roughness of the fingertip, especially the finger ridges, including their changes under
applied pressure, in a direct way. This is the reason why we have included a small air gap, which we
would like to call an equivalent air gap. The equivalent air gap can be prematurely interpreted only as
a fitting parameter to ensure the closest possible match with experimental results. However, recent
research deals with determining the air gap thickness. For example, Guo et al. showed that the air gap
thickness is a power function of the applied external force under fixed (apparent) contact area [20].
For calculations, they have assumed that the sum of the non-contact air gap sections approximates the
apparent contact area. It remains to be determined whether it would be better to use the apparent
contact area minus the fingerprint ridge area instead. The latter is only 30% of the apparent contact
area [21]. Here, we make use of a rough assumption of the equivalent air gap thickness and take a
constant value of 5 µm, mentioned as an upper limiting value by Shultz et al. [5]. In the next section,
we will show that, despite this rough assumption, the results obtained with the present model agree
well with selected experimental data.
3. Comparison with Experimental Data
Before we proceed to compare the results obtained by the proposed macroscopic model with
experimentally available data, in Table 1 we list the geometrical and material parameters used in our
simulations. Almost all values are taken from the work of Meyer et al. [4]. The value for the thickness
of the equivalent air gap was chosen as discussed in the previous section.
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Table 1. List of material and geometrical parameters used in simulations with the proposed model.
Symbol Parameter Name Value and Unit
µ Friction coefficient 0.5 (0.3)
R Radius of fingertip 1 cm
E∗ Equivalent effective elastic modulus 40 kPa
εr,sc Relative permittivity of stratum corneum 1650
εr,i Relative permittivity of insulating layer 3.35
ε0 Permittivity of free space 8.854·10−12 AsVm
hsc Thickness of stratum corneum 300 µm
hi Thickness of insulating layer 1 µm
hL Thickness of equivalent air gap 5 µm
Fext External applied normal force 0.5 N
It should be noted that the chosen value for the equivalent effective elastic modulus is associated
with some uncertainty. It is obvious that we can neglect the influence of the very stiff insulating layer
compared with the soft skin for calculating the effective elastic modulus according to Equation (4), i.e.:
E∗ ≈ Eskin
1− ν2skin
(10)
However, human skin is a highly complex material, characterized by anisotropic, graded, nonlinear
viscoelastic properties, thus it is difficult to map the skin by a single equivalent elastic parameter.
Van Kuilenburg et al. introduced such an effective elastic modulus as a function of the contact radius
and analyzed its length scale dependence [22]. From a macroscopic point of view, the effective elastic
modulus is primarily determined by the softer, lower layers of the skin (epidermis, dermis, hypodermis)
than the much stiffer stratum corneum. Further increase of the contact radius is associated with a
growth in the effective elastic modulus, due to the influence of the stiff bone of the distal phalanx.
Here, we presume a constant value for the equivalent elastic modulus of 40 kPa, which lies roughly in
the range of values given in [22,23].
3.1. Friction Force as a Function of Time during Sinusoidal Excitation
In preparation for later, more important investigations, we want to validate our model in the
present section. For this purpose, we apply a low-frequency sinusoidal AC voltage of 10 Hz and
140 V that was used by Meyer et al. [4] to test a specifically designed tribometer for measuring the
friction force between the fingertip and screen. Taking this sinusoidal voltage signal in Equations (8)
and (9) into account, and inserting both into Equation (5), lead to the friction force as a function of
time. Figure 5 compares the external applied force with the friction force under the conditions that the
voltage is turned on and off. A friction coefficient of 0.5 was assumed and the geometrical and material
parameters listed in Table 1 were considered.
It is clear that the friction force under ON condition is greater than under OFF condition. In addition,
it is observed that the frequency of friction force takes a value of 20 Hz, so twice the frequency of
the applied AC voltage. This effect is self-evident, too. Whenever the applied voltage reaches an
extremum, regardless of whether a maximum or minimum, the friction force takes a maximal value.
The results obtained with the new model and depicted in Figure 5 are in good agreement with the
experimental data given by Meyer et al. [4] (p. 45).
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3.2. Friction Force as a Function of Externally Applied Normal Force
By applying a high-frequency square wave instead of a sine wave, the friction force no longer
oscillates but becomes steady. In order to analyze the effect of the externally applied force as well as
the voltage amplitude on the friction force, Meyer et al. have used high-frequency square wave input
signals of 10 kHz and 140 V. They compared the measured (and averaged) friction forces with and
without electrovibration. In this way, they were able to calculate the electrostatic contribution to the
normal contact force, which is called inferred electrostatic force. Vodlak et al. [10] has supplemented the
experimental data of Meyer et al. by fitted curves, which result from analytical expressions based on
two competitive approaches for the attraction force between the plates of the parallel-plate capacitor
model. The corresponding curves for the friction force as a function of the externally applied force
under OFF and ON condition obtained with our model are illustrated in Figure 6. They are almost
indistinguishable from the fitted curves of Vodlak et al. (see Figure 6a in [10]), and thus agree well
with the experimental data.Lubricants 2019, 7, x 8 of 11 
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Note, that both the adhesion force per unit area 0 , as well as the relative surface energy  , 
are proportional to the square of the applied voltage. The apparent contact area itself depends on   
and the externally applied normal force. Let us consider two limiting cases. First, we assume that the 
influence of the relative surface energy on the contact area is much larger than that of the external 
normal force. In this case, Equation (11) yields: 
 
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1
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R
F U U
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according to which, the electrostatic force as a function of the voltage follows a power-law with an 
exponent significantly higher than 2 and thus contradicts the experimental data. This relationship 
has already been noted in [13]. However, if the influence of the external normal force is much larger 
than that of the relative surface energy, the square law behavior is verified. 
 
  2el
ext
3
1
2
R
F U
F
 (13) 
Indeed, by using the material and geometrical parameters listed in Table 1, the assumption 
according to Equation (13) holds, and thus the new model provides the desired result. But what does 
this assumption imply? It implies that we can neglect the influence of the voltage on the (apparent) 
contact area. Hence, the contact area can be simply determined by Hertz’s theory, instead of using 
f t c i :
lt re t r e ff (green) and on (orange).
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At this point, we comment that our model is based on the calculation formula for the attraction
force between the plates, which is much worse suited for electrovibration, according to Vodlak et al.
They have shown that it can lead to wrong results, by orders of magnitude regarding the inferred
electrostatic force as a function of the voltage amplitude. The same holds for the contact area as a
function of the externally applied force. However, we strongly emphasize that these problems do not
occur when using our model, which solely considers the geometrical and material parameters listed
in Table 1. This is partly due to the introduced small air gap, which is always present, even in direct
macroscopic contact between the fingertip and screen (in-contact state). In addition, our model is based
on an improved coupling between contact mechanics and electrostatics. Of course, we cannot correctly
represent the dependence of the externally applied force on the contact area over the entire range of
typical loads of electrovibration. However, the discrepancies are mainly due to the assumption that
the fingertip was mapped by a parabolically shaped homogeneous elastic half-space.
3.3. Electrostatic Force as a Function of Applied Voltage Amplitude
This section addresses the dependence of the (inferred) electrostatic force on the voltage amplitude.
Meyer et al. have analyzed experimental data of seven subjects. Again, a high-frequency square wave
of 10 kHz was applied and five input voltage amplitudes ranging from 60 V to 140 V considered.
Although the measured electrostatic force varied significantly across subjects, all data indicated a
square law behavior and thus supported expressions for the electrostatic force resulting from the
parallel-plate capacitor model.
In order to show what the new model predicts, we take a closer look to its underlying equations.
As previously mentioned, the (inferred) electrostatic force Fel is nothing other than the electrostatic
contribution to the normal contact force, which can be deduced directly from Equation (5).
Fel = σ0A = σ0piR2

√
9pi
8
∆γ
E∗R +
√
9pi
8
∆γ
E∗R +
3
4
Fext
E∗R2
4/3 (11)
Note, that both the adhesion force per unit area σ0, as well as the relative surface energy ∆γ,
are proportional to the square of the applied voltage. The apparent contact area itself depends on ∆γ
and the externally applied normal force. Let us consider two limiting cases. First, we assume that
the influence of the relative surface energy on the contact area is much larger than that of the external
normal force. In this case, Equation (11) yields:
3pi
2
R∆γ
Fext  1 ⇒ Fel ∼ U10/3 , U2 (12)
according to which, the electrostatic force as a function of the voltage follows a power-law with an
exponent significantly higher than 2 and thus contradicts the experimental data. This relationship has
already been noted in [13]. However, if the influence of the external normal force is much larger than
that of the relative surface energy, the square law behavior is verified.
3pi
2
R∆γ
Fext  1 ⇒ Fel ∼ U2 (13)
Indeed, by using the material and geometrical parameters listed in Table 1, the assumption
according to Equation (13) holds, and thus the new model provides the desired result. But what does
this assumption imply? It implies that we can neglect the influence of the voltage on the (apparent)
contact area. Hence, the contact area can be simply determined by Hertz’s theory, instead of using the
JKR theory. For this reason, we investigate the influence of the voltage amplitude and the external
normal force on the contact area in more detail. Figure 7 illustrates the percentage change in the contact
area over the applied voltage amplitude for three different externally applied normal forces lying in
the typical range of electrovibration. For instance, if we apply an external normal force of 2 N and a
voltage of 150 V, then the change of the contact area is only around 3%, and thus indeed neglectable.
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4. Summary and Discussion
We have introduced a new macroscopic model for voltage-induced frictional contacts. In contrast
to most existing models, it offers a suitable coupling between contact mechanics and electrostatics.
For this purpose, we have exploited classical adhesion theories and recalculate the adhesion force per
unit area, as well as the relative surface energy from electrostatics. Under the assumption of Coulomb
friction in the contact interface, a closed form equation for the friction force has been derived.
As an exemplary application, we have considered the frictional contact between the fingertip and
touchscreen under electrovibration. By comparison with available experimental data, the suitability
of the new model has been proven. The obtained results for the friction force as a function of the
externally applied force agree well with measured data. The same holds for the electrostatic force as
a function of voltage amplitude. From an electrostatic point of view, the introduced equivalent air
gap, for which we have taken a roughly estimated constant value, is of particular interest. On the
one hand, the equivalent air gap can be interpreted as a pure fitting parameter to ensure the closest
possible match with experimental results. On the other hand, recent research deals with determining
its thickness. In any case, further investigations are necessary to clarify its effect.
Another finding that emerges from the results obtained with the new model concerns the influence
of the voltage amplitude on the apparent contact area. Regarding electrovibration between the
fingertip and touchscreen, for external normal forces lower than 100 mN the influence of the voltage
amplitude can no longer be neglected. The same should apply for significantly higher forces in robotics
applications, due to much larger allowable voltages.
Furthermore, we emphasize once again that the new model cannot reflect a reduction of the
contact area caused by the applied tangential force. The contact area under gross slip is assumed to
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be the same as in normal contact with adhesion. However, extensions of the model are possible and
should be a subject of further research. Finally, we point out that our model is based on the half-space
approximation and linear elasticity. Although we make use of an equivalent effective elastic modulus,
its applicability to electrovibration between the fingertip and touchscreen requires further investigation.
Human skin is a highly complex material, characterized by anisotropic, graded, nonlinear viscoelastic
properties, thus the JKR theory can only provide a rough estimation of the contact area as a function of
the external normal force as well as the applied voltage.
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